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We study the dynamics of a single paramagnetic colloidal particle dispersed in water and circulating around
a cylindrical magnetic domain �“magnetic bubble”� when driven by an external rotating magnetic field. We
record the particle trajectories and measure its angular displacement by changing the strength, frequency, and
ellipticity of the applied magnetic field and show that this simple system exhibits several interesting phenom-
ena, from synchronous-asynchronous rotations, to localized oscillations. We complement the experimental
results with numerical simulations which explore the dynamical regimes of the rotating particle.

DOI: 10.1103/PhysRevE.80.052401 PACS number�s�: 82.70.Dd, 75.70.Kw, 05.45.Xt

I. INTRODUCTION

Colloidal particles can be used as a model system to study
dissipative dynamics, since they are overdamped and their
typical length and time scales are experimentally accessible.
In this context there is an increasing interest in studying,
both theoretically �1� and experimentally �2�, the effect of
confinement on the behavior of a system composed by a few
such particles. Modern photolithography techniques allow
the realization of complex topographic substrates used to
confine microspheres into narrow channels �3�, ratchetlike
structures �4�, or circular trenches �5�. However, such hard-
wall confinement introduces a complex hydrodynamic cou-
pling between the particles and the walls �6,7�. An alternative
way to trap dielectric microspheres is to use optical methods
such as fast scanning optical tweezers and hologrographic
techniques. A recent study by Roichman et al. �8� showed
that already a simple system made by three Brownian par-
ticles diffusing along a light ring shows anomalous dynami-
cal behavior. Theoretical simulations �9� on a similar system
showed that hydrodynamic interactions between the diffus-
ing particles lead to a limit cycle characterized by drafting of
couples of particles.

Magnetic forces can be equivalently used to trap �10� and
manipulate �11� paramagnetic particles without the use of
topographic surfaces. In particular the periodic potential gen-
erated by a hexagonal array of cylindrical magnetic “bubble”
domains in uniaxial ferrite garnet films have been used to
transport �12�, and sort �13� micron-size colloids. The mag-
netic bubbles are cylindrical ferromagnetic domains with
uniform magnetization embedded in a film with opposite
magnetization. Since the magnetic stray field of the film is
maximum at the domain walls �DWs� corresponding to the
bubbles perimeter, this allows to confine paramagnetic par-
ticles along a circle.

Here we study the dynamical regimes of a paramagnetic
colloidal particle driven along the DW by an external rotat-
ing magnetic field. As control parameters we change the am-

plitude �Ĥ�, frequency ��H� and ellipticity ��� of the applied
field. The orientation of the ellipse with respect to the bubble

lattice axes is kept fixed at � /12. At constant Ĥ, we find
three regimes of motion: the colloid at small �H follows
synchronously the external field, at intermediate �H makes
periodic backward and forward rotations and at high �H be-
comes localized over an arc of the bubble performing fast
oscillations.

Changes in the field ellipticity unveil even new regimes
which bridge the previous dynamical states. For particular
values of the system parameters, we also observe intermittent
switching between the localized state and the regime of asyn-
chronous oscillations which results from the complex modu-
lated magnetic potential.

II. EXPERIMENTAL PART

To create a magnetic bubble lattice we used a ferrite gar-
net film grown by liquid phase epitaxy on a gadolinium gal-
lium garnet �GGG� substrate �14�. The magnetic film is char-
acterized by a hexagonal lattice of ferromagnetic domains of
radii R=4.2 �m and lattice constant a=12.5 �m, see Fig.
1�a�. The film has saturation magnetization Ms=7.6
�103 A /m and thickness h�5 �m. We deposited above
the film a diluted solution of paramagnetic colloidal particles
�Dynabeads Myone� having radius b=0.5 �m and magnetic
volume susceptibility �=1.1 �15�. A microscope image of
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FIG. 1. �Color online� �a� Schematic of a garnet film with thick-
ness h and saturation magnetization Ms embedding magnetic
bubbles of radii R. Above the film we depict a paramagnetic particle

subjected to a rotating magnetic field H with amplitude Ĥ, fre-
quency �H, and ellipticity �. �b� Microscope image of one rotating
particle with diameter 1 �m. The underlying magnetic bubble is
not visible due to the absence of polarization elements in the optical
system.
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one such particle with its circular trajectory above a garnet
film is shown in Fig. 1�b�. The details on the experimental
video microscopy and magnetic coil system has been given
previously �16,17�.

III. SIMULATION

The dynamics of the driven particle can be described by
the overdamped equation,

�bf
dr

dt
= − �U�r,t� , �1�

where r��x ,y�, � is the water viscosity, f the drag coeffi-
cient which takes into account the proximity of the surface
�18� �f =56� and U�r , t�=− 4

3�b3�0�Htot
2 the magnetic poten-

tial. The total magnetic field acting over the particle is given
by Htot=Hg+H, where Hg is the field due to a lattice of
magnetic bubbles �19� and H denotes the external magnetic

field, H= Ĥ��1−� sin �Ht ,�1+� cos �Ht�. Hg can be writ-
ten following the superposition principle as a summation of
the contribution due to individual magnetic bubbles �20�. For
the magnetic stray field generated by one individual bubble
at distance z from the film surface we used the expressions
derived in the Appendix of Ref. �21�.

IV. DYNAMICS

Let us consider a paramagnetic colloidal particle moving
above a magnetic bubble domain. Since the magnetic stray
field of the bubble has cylindrical symmetry, its perimeter is
indeed a equipotential circle.

Application of a planar magnetic field breaks this symme-
try and creates a gradient along the circle. When the field
rotates, the particle lags behind the minimum and is forced to
move. To characterize the regimes of motion we first fix �

=0 �circular forcing� and vary �H and Ĥ of the applied mag-
netic field. Figure 2�a� shows the particle angular position �

versus time t for different frequencies at Ĥ=1500 A /m and
time step 	t=0.0034 s. When the frequency is low, � in-
creases linearly with time and the phase-lag angle 
 with the
external field is constant, i.e., the dynamical regime is syn-
chronous �SYN�. Raising the frequency increases the dephas-
ing angle with the field up to a first critical value, �1

c

=34.5 s−1 where the motion becomes asynchronous �ASYN�
and the particle starts to perform small backward oscillations
each time 
 crosses �. Similar dynamical regimes has been
previously observed and described in systems made by non-
magnetic particles dispersed in a ferrofluid �22� or for elon-
gated paramagnetic ellipsoids �17�. Increasing further �H un-
derscores a second critical frequency �2

c =159.9 s−1 above
which the particle becomes localized �LOC�. Now the field is
too fast and the particle is not able to travel along the whole
circle but describes small oscillations with an arc length de-
creasing with increasing �H.

In the ASYN regime the average angular velocity ��	
=limT→�

1
T
0

T�̇dt decreases as �H increases and vanishes in
the LOC regime. This is shown in Fig. 2�b� where ��	 /�H is

plotted against �H for different values of Ĥ. Here we com-

bine the experimental data �open symbols� with the numeri-
cal results from the model �continuous lines� and observe
good agreement. As expected from similar nonlinear rotating

systems, increasing Ĥ shifts both �1
c and �2

c toward higher
values. In the small inset of Fig. 2�b� we plot the critical

frequencies �1
c and �2

c versus Ĥ and show the experimental
data �closed symbols� together with the numerical results.

Next we explore the effect of the field ellipticity on the
particle dynamics. Figures 3�a� and 3�b� show how the an-

gular position changes with increasing � for Ĥ=1500 A /m.
In Fig. 3�a� the particle is initially in the SYN regime, and
remains in this mode for ��0.6, where the slope of the
angular coordinate starts to decrease giving rise to the asyn-
chronous oscillations.

Since this new dynamical regime which appears only for
�0 is a modulated version of the SYN one, we denote it as
modulated �MD�. In this regime of motion ��	 decreases

FIG. 2. �Color online� �a� Angular position � /2� versus dimen-
sionless time t /	t �	t=0.0034 s time step� of a paramagnetic par-
ticle at different field frequencies �H. The small inset enlarges a
region of the localized oscillations for �H=144.5 s−1. �b� Normal-
ized angular velocity ��	 /�H versus frequency �H for different am-

plitudes Ĥ of the external field. The experimental data are shown as
open symbols, the continuous lines are results from numerical simu-
lations. Inset shows the critical frequencies �1

c �SYN→ASYN re-

gimes�, �2
c �ASYN→LOC regimes� versus field amplitude Ĥ. The

dashed �dotted� line refers to numerical results while the circles
�squares� symbols represent experimental points for �1

c ��2
c�.
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with increasing � and vanishes for �0.76 where the par-
ticle passes to the LOC state. In Fig. 3�b� we consider the
case of a particle initially in the ASYN regime ��H
=81.7 s−1�. Increasing � we observe a smooth transition to
the MD regime and at large values of � the appearance of an
unstable regime �MD2�, where the particle intermittently
switches from being localized ���	=0� to perform asynchro-
nous oscillations ���	�0� along the circular path. The length
� of the localized regions �laminar phases� is not constant as
found in the MD regime, but changes randomly as the tra-
jectory develops in time. To better illustrate this behavior, we
show in Fig. 4�a� a plot of � /2� vs t /	t in this regime with
the curve displaying a stair caselike structure. In Fig. 4�b� we
show the distribution P��� of the laminar phases together
with a power law fit. Both experimental data �filled circles�
and numerical results �open squares� are shown as the scat-
tered points. For short time intervals ���5 s� we find that a
power law scaling with an exponent �=2.2�0.1 fits better
the experimental points than an exponential �not shown�, in-
dicating anomalous dynamics �8,23�. Increasing slightly �
increases further the length of the laminar phase � and the
system could be expected to transit into chaos. However cha-
otic behavior is never observed in our system since by in-
creasing the frequency the particle enters the LOC regime
where it performs arc-length oscillations which are synchro-
nized to the fast driving. We should point out that this regime
is a consequence of the complex modulated magnetic land-
scape generated by the magnetic bubble and its six nearest
neighbors. In fact running the simulation with only one mag-
netic bubble we were not able to observe the MD2 regime,
but just another smooth transition from MD to LOC. More-
over we observe the MD2 regime only for particular orien-
tations of the ellipse. If we call 	� the angle difference
between one of the three lattice main axes and the ellipse
axis, the MD2 regime occurred only for 	�
� �0.02,0.05�2�.

Figure 5 shows the phase diagram in the ��H ,�� plane
illustrating the various dynamical regimes of the driven par-
ticle. The SYN regime covers a rectangular area with 0
��H�34.5 s−1 and 0���0.6 while the ASYN a triangu-
lar one up to �H�160 s−1 in one vertex and ��0.6 on the
other. The MD regime bridges both the SYN and ASYN

dynamics toward the LOC state which covers also a triangu-
lar area and lasts for all �H�160 s−1 and �0.8. The MD2
regime was observed only in a small area between the MD
and LOC and always for applied frequencies well inside the
ASYN dynamics at ��0.

FIG. 4. �Color online� �a� � /2� vs t /	t for �H=106.8 s−1 and
�=0.5. Small inset shows enlargement of the curve for 1600
� t /	�17 000. �b� Distribution P��� of the laminar lengths � and
scaling at short time. Small inset shows the � /2� oscillations cal-
culated by measuring 0���2�.

(b)(a)

FIG. 3. Angular position � /2� versus time t /	t of a circulating particle subjected to a rotating magnetic field with frequency �H

=31.4 s−1 �a� and �H=81.7 s−1 �b� for different field ellipticities �. At �=0 the particle dynamics is synchronous �a� and asynchronous �b�
relative to the external field.
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V. CONCLUSION

We studied experimentally and theoretically the over-
damped dynamics of a micron-size paramagnetic colloidal
particle circulating around a ferromagnetic bubble when sub-
jected to an external rotating magnetic field. In a previous
work �24� we used a similar system as a magnetic microstir-

rer device and measured the vorticity of the flow field gen-
erated by the rotating particles in water. However, here we
used smaller paramagnetic particles which are closer to the
DW and thus forced to perform larger circular trajectories.
The larger particles used in �24� �2.8 �m� are less attracted
from the DW and never show an asynchronous regime
within the experimental parameters of Fig. 5. Their trajectory
decrease in length as �H increases up to become localized in
one point due to the large friction experienced during rota-
tion at high �H. Thus at constant �, increasing �decreasing�
particle size should increase �decrease� the transition fre-
quency from the SYN to ASYN regime up to a point in
which only the SYN will appear in the phase diagram of Fig.
5. Conversely the LOC regime will increase �decrease� for
smaller �larger� particles.

The controllable nonlinear motion of microscopic rotating
particles could find application in microscale devices and
flow mixing. For example interest has focused on the mixing
properties of chains made by paramagnetic colloidal par-
ticles, unbound �25� or chemically linked �26�. Our system
could in principle be equally used as a tool to achieve chaotic
micromixing �27,28� by using a single rotating particle.
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FIG. 5. Phase diagram in the ��H ,�� plane showing the various
dynamical regimes denoted as: SYN=synchronous �up triangles�,
ASYN=asynchronous �circles�, MD�1,2�=modulated �down tri-
angles, squares�, and LOC=localized �stars�. The continuous lines
follow from the simulation.
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